ON THE VIRIAL THEOREM FOR THE RELATIVISTIC OPERATOR 
OF BROWN AND RAVENHALL, AND THE ABSENCE OF 
EMBEDDED EIGENVALUES 



A. A. BALINSKY AND W. D. EVANS 



Abstract. A virial theorem is established for the operator proposed by Brown and 
Ravenhall as a model for relativistic one-electron atoms. As a consequence, it is proved 
that the operator has no eigenvalues greater than max(mc^, 2aZ — i), where a is the fine 
structure constant, for all values of the nuclear charge Z below the critical value Z^- in 
particular there are no eigenvalues embedded in the essential spectrum when Z < 3/4a. 
Implications for the operators in the partial wave decomposition are also described. 



1. Introduction 



The formal operator proposed by Brown and Ravenhall in to include relativistic 
effects in the description of an electron in the field of its nucleus is of the form 

B:=A+(/^o-^)a+. (1.1) 

In ( prrp , the notation is as follows (see 0): 
• Do is the free Dirac operator 

Do = CO.- — V + mc p = / c—a.:— h mc p, 

where a = (ai, 0^2, as) and (3 are the Dirac matrices given by 

with O2, 12 the zero and unit 2x2 matrices respectively and aj the Pauli matrices 

l\ /O -A /l 



A+ denotes the projection of L^(M^) ® C"' onto the positive spectral subspace of Dq, 
that is X(o,oo)(-Do), where X(o,oo) is the characteristic function of (0, 00). If we set 

/(p) = J-(/)(p) = j^^ -P/V(x) dx 



Date: February 1, 2008. 

1991 Mathematics Subject Classification. Primary: 47G, 81Q10; Secondary: 47N50. 
Key words and phrases. Brown-Ravenhall operator, virial theorem, essential spectra, eigenvalues. 

1 



2 A. A. BALINSKY AND W. D. EVANS 

for the Fourier transform of /, then it follows that 

(A+/)^(p) = A+(P)/(P), 

where 

A+(P) = 2 + 2eip) ' e(p) = VcV + ^'c4 (1.2) 

with p = |p|. 

• 27iH is Planck's constant, c the velocity of light, m the electron mass, — e the electron 
charge, and Z the nuclear charge. 

The underlying Hilbert space in which B acts is 

7i: = a+(l2(r3)®c^). (1.3) 

The Fourier transform of any spinor ip in the positive spectral subspace of Dq can be 
written 

n{p) V c(p-cr) m(p) J ' 

where u G L^(]R^) (g) C^, a Pauh spinor, and n(p) = [2e(p){e{p) + e(0))]^/^. Conversely 
any Dirac spinor of the form ( [1.4| ) is in the image of 7i under the Fourier transform. We 
than have formally that, if v is the Pauli spinor related by ( |1.4| ) to a Dirac spinor ip, 

{cp, B^p) = /3[v, u] := e[v, u] - -fk[v, u], (1.5) 
where (■ , ■ ) is the inner-product on (L^(R'^) C^) (being linear in the second argument), 

e[v,u]= e(p) f(p)* M(p)dp, (1.6) 
k[v,u] = t;(p')*K(p',p)«(p)dp'dp, (1.7) 



and 

acZ 

In ( |1.6|) -( |OD , * denotes the Hermitian conjugate, a = /{he) is Sommerfeld's fine struc- 
ture constant and the kernel K in ( |1 . 7|) is the 2x2 matrix-valued function 

W) + e(0)] [e(j9) + e(0)]l2 + c^ (p-- ^)(p- <t) 
Yi{p') |p — p'l^ ia.{p) 

The form e[-] with domain L^(M^; a/1 + d p) ® is closed and non-negative in 



*^IP 5 PJ -rrr, ,,2. / x • \^-^) 



L2(M3) (g, C2. In § and it was proved that for u G L2(R3; y/ITp^dp) and 
Z<Z, = 2/[(f + f)a], 

7k[M,M] < — e['u,'u]. (1-10) 

Zc 

It had earlier been established in Q that /3 is bounded below if and only if Z < Zc, 
confirming a prediction of Hardenkopf and Sucher [HI based on numerical considerations. 
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The strict positivity of (3 is proved in both , a positive lower bound being exhibited 
in fffi even for Z = Zc- U Z < Z^, it follows from (L5) and ( 1.10 ) that /3 is a closed 



positive form with domain T>{f3) = L^(M^; a/1 + d p) (g) C^. There is therefore defined a 
positive self-adjoint operator b in L^(]R^) ® satisfying 

{v,hu) = I3[v,u], ueV{h), V eV{f3), (1.11) 

where the domain l^(b) of b is dense in its "form domain" 'D{f3). We shall follow |^ 
and refer to this operator b as the Brown- Ravenhall operator, it being associated to the 
original operator B via ( |1.5| ). 

li Z = Zc, the operator b is defined as the Friedrichs operator associated with the 
closure of the form f3 restricted to rapidly decreasing Pauli spinors. The description of 
the operator b in this case is studied in [||. We assume in this paper that Z < Z^ so that 
b is defined in ( p..ll|) . In this case, it follows from 0, Theorem 2] that cress(b) = [mc^, oo) 
and cTsc(b) = 0, where cxess and age are respectively the essential and singular continuous 
spectra. We shall establish a virial theorem for b which will imply that for Z < Z'^ = ^ 
there are no eigenvalues embedded in [mc^, oo), and hence the spectrum in [1710^,00) is 
absolutely continuous. 

The number Z'^ has a spectral significance in |^ concerning the self-adjointness of 
operators bi^s in the partial wave decomposition of B and b: in bi^s, I denotes the an- 
gular momentum chanel and s the spin, and in |]^ the operators are given the domain 
1^(0, 00; [v^TTp^] dp). Tix proves that for (/, s) ^ (0, 1/2) or (1, -1/2), the operators 6,,, 
are all self-adjoint for Z < Z^., but 60,1/2 and &i -1/2 are self-adjoint if Z < Z'^, essentially 
self-adjoint when Z = Z'^ and are symmetric with a one-parameter family of self-adjoint 
extensions when Z'^ < Z < Z^. We also prove that for all {l,s) 7^ (0, 1/2) or (1, —1/2), 
the bi^s have no eigenvalues in [mc^, 00) for Z < Zc, but only for Z < Z'^ in the case 
(/, s) = (1,-1/2). The operator 60,1/2 (its Friedrichs extension when Z > Z'J has no 
eigenvalues in [mc^, 00) for the whole range Z < Zc- 



2. The Virial Theorem 



We begin by proving an abstract virial theorem. 

Lemma 2.1. Let U{a), a G M+, be a one parameter family of unitary operators on a 
Hilbert space H. which converges strongly to the identity as a 1. Let T be a self- 
adjoint operator in H and Ta = f{a) U{a)TU{a)~^ , where /(I) = 1 and /'(I) exists. If 
ip G V(T) n ViTa) is an eigenvector ofT corresponding to an eigenvalue A then 

^) =Xf{l)M\ (2.1) 
where ipa = U{a)ip. 



lim ( ifia, 

a— >1 \ 



Ta~T 



Proof. From Tip = \(p we have Ta^Pa = ^f{(i)<fa- Hence 
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Consequently 

and the result follows as allowing a —* 1. □ 
Our main results are the following Theorem and Corollary which result from the appli- 



7(a) -1 

a — 1 



cation of Lemma ^]T| to the Brown- Ravenhall operator b. 

Theorem 2.2. Let Z < and let b be defined by ( ^m\) in L'^{R^) (g) with form 
domaznV{l3) = L'^{R^ dp) ^C^. If X is an eigenvalue of h with eigenvector (p, 
then 

e(0)2 



A \\(p\ 



Mp)\ dp 



7 
2 

7. 



e{p) 

e(0) II ^*ip')K\p',pMp) 



e(0) ^ 1 



+ ^e(0) 1 1 ^*{p')K'{p',pMp 



where 



K^(P',P) 



e(0) 

e(p) e(p)2 ' e(p') e(]9')2 

J_ + + ^ + 

e(p) e(p)2 e(p') e(p'y 
e(p')+e(0)][e(p)+e(0)]l2 



K^(p',p) 



n(p') |p — p'l n{p) 

c'ip'-CT)ip-a) 
n{p') \p — p'f n{p) 



dp'dp 

dp' dp, (2.2) 

(2.3) 
(2.4) 



Corollary 2.3. Let Z < Zc and hip = Xip. Then 
X 



e(0) 



1 



.(P)IMI-^H-^MP 
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e{p) e{py 
^*(p')K2(p',p)v^(p) 



1 1 

+ 



dp'dp 



e{p') e{p) 

2 [e(p)-e(0)][2e(p)-e(0)] 



e{py 



dp. (2.5) 



Before proving Theorem p.2| and Corollary |2.3| , we need the following lemma. We shall 
hereafter in this section write b^, Gm, K^, to indicate the dependence on m. 

Lemma 2.4. For any m G M+, b^ and bo have the same domain and b^ — bp can be 

extended to a bounded operator on L^(]R'^) C^. 
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Proof. The result is essentially proved in P, Theorem 1] but we give a short direct proof 
for completeness. The following estimates are readily verified ( cf 

< em{p) - eo(p) < mc^, 

|K„^(p ,p) - Ko(p ,p)| < 



|p - p'l^ [2e„(]9) ' 2e„(p') ' 4e„(p)e„(p') 

k{m) r 1 



< 



\V-V'?\^rn{p) e,„(p')j' 

where k{m) is a constant depending on m. Hence, for ip G V{(3^) = V{(3q), 



+ 'yk{m 



IP - P 

By the Cauchy-Schwarz inequality, the last integral is no greater than 
ff MP)l=^T^{4T + 4M|Mdp'dp. 

M3xM3 

where we choose h{p) = |p|"° , 1 < a < 2. Then (see p, pl24]) 

Hp') . , |pr /- 1 1 , , 

dp = — ^ 72^adp 



|p-p'| h{p)e^{p) Gmip) Jrs \p-p'\ \P 



<^^^ / 1 ^^dp' = 0(l) if l<a<3, 

c Jr3 Ip - p'l |p I 

/ I ' 'l^hiule'L) "^^'^^ f I ' ,2, i+i dp- = 0(l) if0<a<2. 
JR3 |p-p| n.(pjem(^pj c Jjj3 |p-p| Ip'I 



Hence 



|/3^M-/3ob]| <A:(m) yf 
and (/3„ — /3q)[- , ■ ] can be extended to a bounded sesquilinear form on |l^(M^) (g) j> x 
L^(R^) ^C^j- . It follows that and bo have the same domain and this in turn implies 



the rest of the lemma. □ 



Proof of Theorem |^.^ . We apply Lemma |2.1| to T 
U{a)ip{p) = a-3/2y,(p/a) =: ip^{p 

T ■■ 



Then U{d) -h 
all {a)hmU {a) 



= b„, f{a) 
I strongly in L 

^ = b 



-- a and U{a) defined by 
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By Lemma p.4| , an eigenvector of b^, lies in T>{hma) for any a. Thus, it remains to 
evaluate the limit on the left-hand side of (12.11). We have 



a — 1 



7 / / ^a[P 



a — 1 

K„^a(P^P) - Km(p',P 



a — 1 



V9(p)dp'dp =: Ji -7/2, (2.6) 



and (2.2) will follow if we can justify taking the limit as a — * 1 under the integral signs 
on the right-hand side of (2.6). 

In Ji the integrand is majorised by |(y9(p)|^ and so the dominated convergence theorem 
applies. We write I2 as 



ba(p') - ¥^(P')] 



Kr„a(p',P) - K„(p',p) 



+ / / Vip' 



a-1 

Kma{p',p) - Km{p',p) 

a-1 



y?(p)dp'dp 



V9(p)dp'dp=: h + h, 



and use the readily verified estimate 

Kma(p',P) - K„(p',p) 



a — 1 



where /c^ — > 1 as a — > 1. Thus I3 bounded by 



< ka/ \p-p 



11 Mp')-^(p')I i^(p)i^^!' 



/|2 



and, on using the Parseval identity and -^(-pj) = y f jq^ (with JF now the standard Fourier 
transform with h = 1), this is equal to 

27r^ f u(x.)v(x.)^, 



where u{p) = \ipa{p) - V'(p)| and v{p) = \(p{p)\, 



< 



ba(p) -¥^{p)f |p|dp 



1/2 



l<^(p)l^ |p|dp 



1/2 



by the Cauchy-Schwarz inequality and Kato's inequality p. 307]. Thus /a — as a — 1 
since (p G L^(]R'^; a/1 + d p) C^. In I4 the integrand is majorised by the function 
lv'(p')l lv^(p)l which is integrable by Kato's inequality and hence the dominated 
convergence theorem applies. □ 
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Proof of Corollary From (2.2) we have 
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JR3 



dp_ 



7e(0) Re 



//,-(p')K(p'.p),(p){^-ig^}dp'dp 

+ 76(0) ||v^*(p')KV,PMp){^ + ^}dp'dp. (2.7) 



Also, for allipe V{(3), 



e(p)^*(p)^(p)dp-7 // ^*(p')K(p',p)^(p)dp'dp 

J J 



A / ^*(p)^(p)dp. (2.8) 



We choose ip{p) 



1 e{0) 



e(p) e(p)2 



V9(p) in (2.8): clearly e V{f3). Then 



7 // ^*(p')K(p',p)^(p 



1 e(0) 
e(p) e(p)2 



dp' dp 



/ [e(p)-A] 



' M^(p)rdp. (2.9) 



e{p) e(p)2 



On substituting (2.9) in (2.7), 



A 



e(0)^ 



|V^(P)I dp 



|^(p)|^4^-e(0) / [e{p)-\][^ - 

e(p) iiR3 te(p) e(p)2 

+ 76(0) II v^*(p')K^(p',p)^(p){^ + ^}dp'dp, 



whence 



A / W{ 



e ^ e , ^ 

e(p) e(p) 



+ 76(0) // ^*(p')K^(p',p)v^(p 



1 1 

+ 



e(p') e{p)^ 



dp'dp. 
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(A-e(O)) / \^{p)\'\l 



e(0) ^ e(0)- ^ 



e(0)/ |,(p)rM^)^«l^^dp 



+ 76(0) // ^*(p')K^(p',p)^(p 



e{p') e{p) 



dp' dp. 



The corollary is therefore proved. 



:2.io) 
□ 



3. The absence of embedded eigenvalues 



Theorem 3.1. IfZ < Z^, the operator h has no eigenvalues in [maxjl, 2aZ—l/2^mc^, oo) 
In particular, if Z < Z'^ = 3/(4q;), there are no eigenvalues in [mc^, oo) and the spectrum 
ofh is absolutely continuous. 



Proof. From (2.5) 
' 1 



,,2 L e e n ^ 
p 2 + dp 

e(0) J Jrs t e(p) e{py J 

<7 |y"^*(p')H(p',p) i^(p)i i^(p)idp'dp 



|^(p)rM^)^^»)^dp, (3.1) 



e(p)2 



where 



H(p',p) 



2 / 

c pp 



n{p')n{p) |p — p'l^ 
By the Cauchy-Schwarz inequality 

^2 



1 1 

+ 



e(p') e(p) 

//h(p',p)|v.(p')| |^(p)|dp'dp<c2 / -^^Mp)fdp[ ^J(p',p)dp', 



where 



(3.2) 



J(p',p) 



1 1 

+ 



e(p') e(p) 



IP - P 

and h{- ) is an arbitrary positive function. We make the choice hip) = p"^/^ and use the 
following (see ||, p 124]): 

1 1 



Ip-Pf \p'f' 



dp' = 47^V^^^ 
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Jr3 Ip - p'l \p'\''' 
On substituting in ( p.2|) , we have 

|y"H(p',p)|^(p')| |v.(p)|dp'dp<47rV^^-^ 



n 1 

+ 



e(p) c 



b(p)l^dp 



and hence (3.1) yields 

A e(0) e(0)2 



'e(O) 



1) / l^(p)l'(l 



< / |^(p)lM4vrV7 



dp 



n 1 

+ 



e{p) c 



[e(p)-e(0)][2e(p)-e(0)] 



dp. 



On replacing p by mcp and simplifying, we derive 



0< [ \ip{mcp)ni- ^ + ^{p)]dp, (3.3) 



where 
<l>(p) 



(v/p2 + l + l)(j92 + 2-^/^2+1) I p + v/p2 + 1 



Since min< — — , 



Since sup 



(V^^ + i)(p2 + 2- vTTT) I Vc; 4 J 

^1 = f. Thus, if 27r2(^) = < |, (gj) implies that A < mc^. 

2, it follows from (U) that, if 27r2(^) = aZ > ^ 



P^Cp+y/p^ + l) 



(a/p^+1){pH2-v/^) 



A < mc^[l + 2aZ — |]. The theorem is therefore proved 



4' 
□ 



Finally, we analyse the implications of the virial theorem for the operators b^s- 
In the partial wave decomposition of B and b (see 0), spinors 99 G (R^) ® are 
expanded in terms of spherical spinors fi;,n,s 

(l,n,s)el 

say, where / = {(/, n, s) :/ G A/q, = — Z — |, ■ ■ ■ , / + |, s = ±|, f2;,n,s 7^ 0} and 

00 

(l,n,s}el 

On substituting in ( |L5D , we get 
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e(p)<^/,n,s(p)^/,n,s(p)dp 



acZ 



n 




'fi,n,s{p')ki,s{p'^ p)'^i,nAp) dp' dp (3.7) 







and, with Qi denoting Legendre functions of the second kind, 

, , [e(p') + e(0)]Q,(i[^ + ^])[e(p)+e(0)] cVQ.+2. (|[^ + ^])p 
kiAP^P) = r^r^. + 



n(p')n(p) 

=: k}mi.P'^P) + klm{.p'.P) 



n(p')n(p) 



(3. 



say. For Z < Zc, the forms with domain L^(0, oo; a/1 + dp) are closed and positive in 
L^(0, cx)), and we shall denote the associated self-adjoint operators by hi^g- These operators 
hi^s coincide with the operators hi^s of Tix in [§] when the later are self-adjoint, but are 
otherwise their Friedrichs extensions. Note that it follows from p, Theorem2] that for all 
values of /, s, cress(&is) = [mc^, oo). 



Theorem 3.2. For {l,s) ^ (1,— |), the operators bis have no eigenvalues in [mc^, oo) if 
Z < Zc- // (/, s) = (1, — |), bi^s has no eigenvalues in [maxjl, 2a;Z — l/2}mc^, cxo).- in 
particular hi ^^1/2 has no eigenvalues in [mc^, oo) if Z < Z'^ 



_3_ 



Proof. The analogue of (2.5) is 



e(0) 



e{p) e(p)^ J 

oo oo 

27^7 j j ^l,n,s{P')Ks(P'^P)^(P) 

\^Un,s{P)\ 



1 1 

+ 



dp' dp 







e(p') e(p) 

2 [e(p)-e(0)][2e(p)-e 
e(p)^ 



dp. (3.9) 



Since Qo{t) > ■ ■ ■> Qi{t) > for all t > 1, it follows that for all (/, s) (1, -1/2) 



HAp'M < 



1 I 

c pp 



n(p')n(p)'^^ V 2 



- + -, 
p p' 
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and hence, on writing ip for v^/.n.s in (3.9), we get 
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<27r7c2 / \^{j>)\ 



,2 V 



V? {p)h{p) 



dp J h{p')Q^(^^ 

\^{P)\ 



p p 

- + 
p p' 



e{p') e{p) 
2 [e(p)-e(0)][2e(p)-e(0)] 



e{py 



dp, (3.10) 



for any positive function h{-), on applying the Cauchy-Schwarz inequahty. We choose 
h{t) = 1/t, so that in the first term on the right-hand side of (3.10)we have 



27r7c^ / \^{p)\ 



2 P \ P 



n2(p) )^ e[p) J p' \2 



p p 
- + ^ 
p p' 



dp' 







p p 

- + 

p p' 



dp \ dp 



27r7c^ / \^{p)\^ ^ 



n^{p) 



h + h\ dp 



say. Let giiu) = Qi(^\ 



M+ - 

u 



. Then 



// N du 
gi{u)— = 2, 
u 





(see 0, (3.8)] or |, § 2.3]), and 

oo oo 

ch < j 9i{u)-^ = j gi{u)du. 



We have (see [|, (3.7)]) 



M — y du 



1 iTT^ 



7r2 1 
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and 



9i(,u)du 



1 /■ 1 , fu + 1 
m 



2 / u \u — 1 



du + 



uju+l 
2 \u-l 



vr 



+ 



{u^ - 1) In 



Ijdu 

u + 1\ u 
u-l 



7r2 1 

y + 2- 



2 

Hence c/2 < and from (3.10) 



e(0) 



1 / \V{P)?{1 



e(0) e(0)^ 



e{p) e{pY 



dp 



< 27r7c / 



n2(p) ^ 4 


On replacing p by mcp and simplifying, we obtain 

< r |¥.(mcp)r f 1 - + ^) (l 

Jo V vV + 1 P^ + l/V 



e(p)^ 



+ ^(p) dp 



where 



pW^+1) 



{y^fTl + l)(p2 + 2 - v^^) 



TT 



7 \ / TT 



2v/p2 + 1-1 



< 



2 /vr- 



— + 2 - U < 



(V^2^+l)(p2 + 2- V^^) i7r2 + 4V4 

for 271"^- = aZ < aZf.. Hence A < m(? . 

For the case (/, s) = (1, —1/2), the Legendre function Qi in (3.10) has to be replaced 
by Qq, and we have to consider 



Hp) 



h{p')Qo 



p p 

- + -, 

p p' 



1 1 

+ 



_e(p') e(p)^ 



dp'. 



(3.11) 



We now make the choice h{u) = l/y/u, and, with goi^u) = Qoy^ 
(|3.11| ) becomes Ji + J2 say, where 



M + - 



In 



Jl=P 



y/ue{pu) 



go{u) du < 



1 f 9oiu) 



C J "U^/^ 




du 



and 



J2 



e(p) y 



^5(o(u) du. 



Since 
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9o{u) 

mV2 



du 



du, 



oo 1 

f 9o{u) , f 



9o{u) 



u 



3/2 



du 



we have 



9o{u) 



u 



1/2 



du 



9o{u) 



u 



3/2 



du 



oo 

/soM(i + i) 



du 
\fu 



oo 

^ / (^^^) (^2_^l)3/2 d^ 



on setting ^3]- = |/ 



d 2; 



z\z 



1)1/2 



= 27r. 



Hence, on substituting in (3.10) (with Qi replaced by Qo) we infer that 



A 



e(0) 



1 / iv^(p)ni 



e(0) e(0)^ 



+ 



< 27r7c / |(^(p)| 



,2 r 



n2(p) 



27r 



e(p) e(p)2 

C]9 



dp 



e(p) 



+ 1 



, , / m2 [e(p) -e(0)][2e(p) -e(0)] , 
dp- / |(^(p)r^^^^^ ^1)^)2 ^dp. 



On replacing p by mcp and simplifying, this yields 

0< / |(/^(mcp)|'(l-^^= + — ^ )(l 



+ e(p) dp. 



where 

e(p) 



p^(p + a/p^ + 1) 



( + i)(p2 + 2 - VFTT) 

p^Wp^ + 1 + p) 



I Vc; p + Vp2 + 1 J 



< 



2nH 1\--\<Q 



+ 1 + l)(p2 + 2 - v/j52 + 1) I Vcy 4 
if 27r^(^) = aZ < = 3/4. Hence in this case A < mc^. If > 3/4, we have 

0(p)<2(aZ-^) 

and A < mc^(^aZ — |). The theorem is therefore proved. 
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